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We show that quantum localization occurs in the center-of-mass motion of an ion stored in a
Paul trap and interacting with a standing laser eld. The present experimental state of the art
makes the observation of this phenomenon feasible.
PACS numbers: 42.50.-p, 05.45, 03.65.Sq
The phenomenon of dynamical localization { an analogue of Anderson localization [1] of electronic waves in one-
dimensional disordered solids is a nger print of quantum chaos [2]. This has motivated the experimental verication
of the suppression of ionization of Rydberg atoms in microwave elds [3] and the localization in the momentum
distribution of an atom moving in a phase modulated standing wave [4,5]. In this letter we show that the eect of
dynamical localization of quantum mechanical wave packets appears also in the center-of-mass motion of a single ion
conned in a Paul trap [6] and interacting with a laser eld. This system is of particular interest, since here the
spatial periodicity of the standing wave is broken by the binding potential of the trap. This results in the fact that in
contrast to the previous examples we nd localization both in the momentum and the position variables. Moreover
we nd a characteristic three-peak structure in the quantum mechanical position distribution. This structure is a
pure quantum eect since it is completely absent in the classical position distribution. The center peak at the origin
is the remnants of the initial distribution, whereas the side peaks may be attributed to quantum tunneling. The
recent experimental successes [7] in controlling the quantum motion in a Paul trap make our proposal experimentally
feasible.
The phenomenon of dynamical localization in the Paul trap emerges because (i) the Paul trap is an explicitely time
dependent device, (ii) a standing laser wave provides a spatially periodic light potential for the center-of-mass motion,
and (iii) the temperature of the ion is so low that its motion has to be treated quantum mechanically [8]. Starting
from the Hamiltonian describing the motion in the Paul trap in the presence of the standing wave we compute the
position and momentum distributions of the ion by solving the corresponding Newton’s equations and the Schro¨dinger
equation. We show that the classical distributions are broad Gaussians [9]. In contrast, the quantum distributions
display on top of a broad background a narrow three-peaked distribution. To identify the origin of this eect we
calculate the Floquet states of this system. We show that indeed only few Floquet states contribute signicantly to
the time evolution of an initially localized wave packet in the Paul trap. We conclude by discussing experimental
possibilities for observing this phenomenon.
We consider the standard Paul trap set-up realized experimentally in many labs [7,10,11]: a standing laser eld of
frequency !L and wave vector k aligned along the x-axis couples the internal states of a single two-level ion of mass m
to the center-of-mass motion. The resulting dynamics of the state vector jΨ(~t)i describing the internal and external
states of the ion follows from the Schro¨dinger equation ih @
@~t



















h!a^z + hΩ0^x cos(k ~^x+ ) cos(!L~t): (1)
Here the parameters a and q denote [6] the DC and AC voltages applied to the trap. The frequency of the AC eld
is !. The term proportional to the Pauli spin matrix ^z takes into account the internal states of the ion with the
transition frequency !a and the Pauli spin matrix ^x describes the interaction with the standing wave. Here Ω0 is
the Rabi-frequency and  is the phase of the standing wave.
The phenomenon of dynamical localization is a quantum coherence eect [2]. It is therefore extremely sensitive [12]
to noise such as spontaneous emission. In order to avoid spontaneous emission we consider the ion to be initially in its
internal ground state and the laser eld to be strongly detuned. In the rotating wave approximation the Hamiltonian














where  = !L − !a is the detuning parameter. Here we have neglected constant energy terms.
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(a+ 2q cos 2t)x^2 + Ω cos(x^ + 2)
with the eective coupling constant Ω =
2hk2Ω20




j (x; t)i = H^j (x; t)i (2)




from the commutation relation [x^; p^] = 8k
2
m!
[~^x; ~^p] = 8k
2
m!
ih = ik- .
Dynamical localization arises from the properties of the quantum evolution in the domain of classically chaotic
dynamics. We therefore choose the phase  as to obtain a maximally chaotic regime. In the following we consider the
situation where the maximum of the cosine potential is located at the center of the trap potential, i.e.  = 0 when
 > 0 or  = =2 when  < 0. This case corresponds to the appearance of an eective potential barrier at the center
of the trap potential. With growing coupling constant Ω, the unstable motion near the top of the barrier gives rise to
the stochastic mixing of the dierent classical trajectories. In classical dynamics this leads into chaos [14].
In order to show that indeed the classical dynamics is chaotic, we plot in Fig.1 the Poincare surface of section for
the trap parameters a = 0, q = 0:4 selected from the stable region of the Mathieu equation and the coupling Ω = 0:65.
We observe a chaotic sea with two stable islands in the neighbourhood of the minima of the standing laser eld at
x = . Those regular structures are remnants of the integrable cases Ω = 0 corresponding to the Mathieu equation
and the driven pendulum when a = q = 0.
We now calculate the time-evolution of a Gaussian wave-packet centered initially at the stochastic region near the
origin using the split-operator method [15]. For the simulations presented in this letter the numerical values of the
Planck constant and the coupling are k- = 0:29 and Ω = 0:65, respectively. To avoid numerical aliasing errors due to
the periodicity of the nite-discrete Fourier transformation, the spatial size of the quantized grid is taken suciently
large, −80  x  80, with 4096 grid points. This allows us to resolve momenta up to p ’ 23, which is sucient
for our purpose. To make a comparison to the classical case we calculate 4096 trajectories starting from a classical
Gaussian ensemble centered initally at the origin and having the same widths in the position and momentum as the
quantum wavepacket.
In the top of Fig.2 we show the spreads x and p in position and momentum of the classical and quantum
mechanical distributions as functions of time. In order to remove the fast oscillations we have averaged the spreads
over one cycle of the rf−eld. There are two main stages in the time dependence of the momentum and position
spreads. In the short time behaviour, that is for t < 50, there is no signicant dierence between the classical
(upper line) and the quantum mechanical (lower line) spreads. In the second stage, which characterizes the long time
behavior, that is for t > 50, there is a considerable dierence between the classical and the quantum mechanical
spreads: whereas the classical ones increase monotonically [16] the corresponding quantum mechanical ones oscillate
with a small amplitude around an average value. This is the rst indication that the quantum mechanical distributions
show dynamical localization.
To bring this out most clearly we show in the lower part of Fig.2 the time averaged probability distributions of
position and momentum. The classical distributions are broad, while the quantum mechanical ones are dynamically
localized. We have also veried that this phenomenon is not sensitive to the initial position of the wave packet in the
chaotic region and hence not destroyed by small fluctuations in the optical phase .
The wave packet analysis presented above provides a direct comparison between the quantum and the classical
distributions. In order to describe and understand dynamical localization in a purely quantum mechanical language,
we now calculate the Floquet quasienergies k and the corresponding eigenstates  k(x; t) = e
−iktuk(x; t) of the
trapped ion { laser eld system. Here the functions uk(x; t) are periodic in time with period . We can obtain the
Floquet states as the eigenstates of the eigenvalue equation
U(t+ ; t) k(x; t) = e
−ik k(x; t) (3)
with the time-evolution operator U(t+ ; t) propagating the state over one time period. We construct U(t+ ; t) by
integrating the Schro¨dinger equation for the 200 lowest eigenstates of a stationary reference oscillator [17,18].
In Fig.3 we show the quasienergies as a function of the coupling. For zero coupling, that is for Ω = 0 the problem
reduces to the time-dependent harmonic oscillator with the quasienergies k = (k +
1
2 ) ordered in a natural way
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with increasing k = 0; 1; :::. Here  is the characteristic exponent of the corresponding classical Mathieu equation.
When the eld is turned on, the two lowest quasienergies start to grow, and become almost degenerate for couplings
Ω  0:2. This behavior results from an eective double-well potential caused by the standing laser eld and the trap
potential [19]. The quasienergies of this ground state doublet approach zero for Ω  0:48. They reappear from the
top as a characteristic line in the upper right corner due to the periodicity of k  2 = k following from Eq.(3).
Moreover, characteristic double lines connecting the lower left corner and the upper right corner emerge from the
coupling strength axis at Ω ’ 0, 0:1 and 0:3. These lines are associated with higher energy doublets. We conclude this
discussion of the quasienergies by emphasizing that the existence of nearly degenerate doublets is connected [20] to
the possibility of quantum tunneling between the stable islands [21] { a topic discussed in more detail in an upcoming
paper.
The Floquet solutions  k form a complete orthogonal basis. Hence we can represent any wavepacket solution  (x; t)
of the Schro¨dinger equation (2) as a superposition  (x; t) =
P
k ak k(x; t) with time independent coecients ak. In
this respect Floquet states play a role similar to that of the energy eigenstates in the time-independent case, and
the quantities k have the meaning of time averaged energies. In Fig.4 we show the expansion coecients jakj2 for
an initial Gaussian wave packet used in the discussion of Fig.2. We nd that indeed the decomposition is strongly
localized: Only four states are enough to cover sixty percent of the initial wave packet. This guarantees that the
classical diusion will stop in the quantum case, as shown in Fig.2.
In the insets of Fig.4 we depict the position distributions j 2j2 and j 6j2 corresponding to a dominant and a small
contribution to the wave packet, respectively. We note that the state  2 has major contributions at the center of the
trap. In contrast  6 has maxima at x ’ , that is in the neighbourhood of the stable islands. The mixed phase
space with stochastic domains and stable islands results from the combination of the trap potential and the standing
wave, and reflects itself in the three peak structure of the position distribution in Fig.2. Note that classically these
peaks are missing. Indeed classically, a particle starting from the stochastic region cannot reach the islands. Quantum
mechanically, however, this is possible through tunneling.
The observation of dynamical localization is possible with the present ion trap systems. Indeed taking the exper-
imental trap parameters from [7] and considering a dipole transition from the ground state of 9Be+ we obtain for a
driving frequency !=2  200MHz the values q  0:2 and k-  0:015. In order to achieve the value k-  0:3 used
in our simulations we need a smaller frequency such as !=2  10MHz; to keep q in the stable region the applied
voltage has to be [6] smaller, or the trap size larger, than in [7]. To be consistent with the assumption of far detuning,
the term Ω0=   in the dimensionless coupling Ω = (k- )=(4!)2 has to be small. For  = 0:1 and the detuning
=2  10GHz we obtain Ω = 0:65, as used in our simulations.
We conclude by summarizing our main results. The motion of a trapped ion interacting with a laser eld shows the
phenomenon of dynamical localization in position and momentum. This phenomenon can be observed by measuring
the fluorescence light from the ion { a technique [4,7,10] which has already proven to be an invaluable tool in studies
of the quantum mechanical center-of-mass motion of particles. Moreover we emphasize that the three-peak stucture
of the quantum mechanical position distribution, reflecting the mixed phase space, opens up new possibilities to study
the phenomenon of dynamical quantum tunneling.
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FIG. 1. Poincare surface of section for an ion moving in a strongly detuned standing wave laser eld and a time dependent
harmonic potential. The dynamics is chaotic all over the phase space except for two small stable islands around the phase
space points (x = ; p = 0) and (x = −; p = 0). The circle with its center at the origin of phase space denotes the contour
line of exponential decay of the Gaussian phase space distribution of the initial wave packet. The box in the upper left corner
shows the area of 2k- . Here we have used the trap parameters a = 0:0, q = 0:4 and the coupling Ω = 0:65.
FIG. 2. Classical and quantum dynamics of a single ion moving under the influence of a strongly detuned standing laser
eld and a time dependent harmonic potential. On the top we show the time dependence of the widths of the classical (upper
curve) and quantum mechanical (lower curve) position (left) and momentum (right) distributions. We nd that classically both
widths increase with time whereas in the quantum case they oscillate around an average value. On the bottom we show in a
semilogarithmic plot the corresponding position (left) and momentum (right) distributions averaged over time in an interval
of t = 50 around t = 475. Indeed the classical distributions are broad Gaussians giving rise to a quadratic curve whereas
the quantum ones consist of narrow distributions which rest on a broad pedestal. Here we have used a wave packet of width
20x = k- = 0:29 and the trap parameters a = 0:0, q = 0:4 with the coupling Ω = 0:65.
FIG. 3. Quasienergies k as a function of the coupling Ω. The black diamonds at Ω = 0 correspond to the seven lowest
quasienergies [17] k = (k +
1
2 ) of the time-dependent harmonic oscillator. For the trap parameters a = 0:0, q = 0:4 and the
scaled time t = !~t=2 we nd [17]  = 0:29. The two lowest eigenstates become degenerate for Ω > 0:2 reflecting the appearance
of an eective double-well potential with growing Ω. Avoided crossings between the states of the same parity appear. Here we
have used a basis of 40 lowest eigenstates of the reference oscillator.
FIG. 4. Expansion coecients jakj
2 of the initial Gaussian wavepacket of Figs. 1 and 2 into Floquet states  k. The states
 1 and  2 cover almost half of the wavepacket. The insets show the position distributions of the strongly contributing state  2
with weight ja2j
2 = 0:21 and the less important state  6 with ja6j
2 = 0:03. For comparison we represent the initial Gaussian by
a dotted line. Whereas the state  2 is strongly localized at the origin, the state  6 has dominant peaks in the neighbourhood
of the stable islands of Fig.1.
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